Pairs of heavy subgraphs for Hamiltonicity of 2-connected 

graphs* 



Binlong Li a , Zdenek Ryjacek b 'f Ying Wang a and Shenggui Zhang"'* 

a Department of Applied Mathematics, Northwestern Polytechnical University, 
Xi'an, Shaanxi 710072, P.R. China 
6 Department of Mathematics, University of West Bohemia and 

O ' 

■ Institute for Theoretical Computer Science, Charles University, 

30614 Pilsen, Czech Republic 

on 

t— i ; 

Abstract 

o; 

t Let G be a graph on n vertices. An induced subgraph H of G is called heavy if 

. there exist two nonadjacent vertices in H with degree sum at least n in G. We say that 

G is iJ-heavy if every induced subgraph of G isomorphic to H is heavy. For a family 
H of graphs, G is called %-hcavy if G is H-he&vy for every H £ H. In this paper we 
characterize all connected graphs R and S other than P 3 (the path on three vertices) 
, such that every 2-connectcd {i?, S'j-heavy graph is Hamiltonian. This extends several 

previous results on forbidden subgraph conditions for Hamiltonian graphs. 
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1 Introduction 



We use Bondy and Murty [2] for terminology and notation not defined here and consider 
finite simple graphs only. 

Let G be a graph. For a vertex v G V(G) and a subgraph H of G, we use Nh(v) 
to denote the set, and cIh(v) the number, of neighbors of v in H, respectively. We call 
du{v) the degree of v in H. For x,y € V(G), an (x,y)-path is a path P connecting x 
and y; the vertex x will be called the origin and y the terminus of P. For X,Y C V(G), 
an (X,Y)-path is a path having its origin in X and terminus in Y. If x,y 6 V(.H'), the 
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distance between x and y in H, denoted dn(x,y), is the length of a shortest (x, y)-path 
in H. When no confusion occurs, we will denote Ng{v), dc(v) and dc(x,y) by N(v), d(v) 
and d(x,y), respectively. 

Let G be a graph on n vertices. If a subgraph G' of G contains all edges xy € E{G) 
with x,y E V(G'), then G' is called an induced subgraph of G. For a given graph H, we 
say that G is H-free if G does not contain an induced subgraph isomorphic to H. For a 
family % of graphs, G is called H-free if G is H-free for every H £ H. If is an induced 
subgraph of G, we say that H is heavy if there are two nonadjacent vertices in V(H) with 
degree sum at least n in G. The graph G is called H -heavy if every induced subgraph of G 
isomorphic to H is heavy. For a family % of graphs, G is called H-heavy if G is i7-heavy 
for every H E 7{. Note that an H-free graph is also iJ- heavy. 

The graph A'1.3 is called the claw, its (only) vertex of degree 3 is called its center and 
the other vertices are the end vertices. In this paper, instead of -RTi^-free (ifi^-heavy), we 
use the terminology claw- free (claw- heavy). 

The following characterization of pairs of forbidden subgraphs for the existence of 
Hamilton cycles in graphs is well known. 

Theorem 1 (Bedrossian [Tj). Let R and S be connected graphs with R,S^Ps and let G 
be a 2-connected graph. Then G being {R, S}-free implies G is Hamiltonian if and only if 
(up to symmetry) R = ^ and S = P4, P5, Pq, G3, Z\, B, N or W (see Fig. 1). 




Zi B (Bull) N (Net) W (Wounded) 

Fig. 1. Graphs P u C 3 ,Z h B,N and W. 

Our aim in this paper is to consider the corresponding heavy subgraph condition for a 
graph to be Hamiltonian. First, we notice that every 2-connected i-3-heavy graph contains 
a Hamilton cycle. This can be easily deduced from the following result. 
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Theorem 2 (Fan [S]). Let G be a 2-connected graph. Ifm&x{d(u), d(v)} > n/2 for every 
pair of vertices with distance 2 in G, then G is Hamiltonian. 

It is not difficult to see that P3 is the only connected graph S such that every 2- 
connected 5-heavy graph is Hamiltonian. So we have the following problem. 

Problem 1. Which two connected graphs R and S other than P3 imply that every 2- 
connected {R, S^-heavy graph is Hamiltonian? 

By Theorem 1, we get that (up to symmetry) R = and S must be some of the 
graphs P 4 , P5, Pa, C 3 , Z U Z 2 , B, N or W. 

In this paper we prove the following results. 

Theorem 3. If G is a 2-connected {-^1,3, W}-heavy graph, then G is Hamiltonian. 

Theorem 4. If G is a 2-connected {-^1,3, N}-heavy graph, then G is Hamiltonian. 

At the same time, we find a 2-connected {-^1,3, i^l-heavy graph which is not Hamil- 
tonian (see Fig. 2). 







T xi 






K r 












Z2 




X3 




?3 



Fig. 2. A 2-connected {ifi,3, Pe}-heavy non-Hamiltonian graph (r > 5). 

Besides, we can also construct a 2-connected claw- free and P^-hemy graph which is 
not Hamiltonian. This can be shown as follows: Let G be the graph in Fig. 2, where 
r > 15 is an integer divisible by 3. Let V\, V2, V3 be a balanced partition of K r and G' be 
the graph obtained from G by deleting all the edges in \J^ = ±{xiV : v € Vi}. Then G' is a 
2-connected claw-free and P^-hemy graph which is not Hamiltonian. 

Note that W contains induced P4, P5, C3, Zi, Z 2 and B. So we have 

Theorem 5. Let R and S be connected graphs with R, S 7^ P3 and let G be a 2-connected 
graph. Then G being {R, S}-heavy implies G is Hamiltonian if and only if (up to symme- 
try) R = K 1>3 and S = P 4 , P5, C 3 , Z u Z 2 , B, N or W. 
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Thus, Theorem [5] gives a complete answer to Problem [TJ 
For claw- heavy graphs, Chen et al. get the following result. 

Theorem 6 (Chen, Zhang and Qiao [3]). Let G be a 2-connected graph. If G is claw-heavy 
and moreover, {P7, D}-free or {P7, H}-free, then G is Hamiltonian (see Fig. 3). 




D (Deer) H (Hourglass) 

Fig. 3. Graphs D and H. 



It is clear that every P§-iree graph is also {P7, D}-hee. Thus we have that every 2- 
connected claw-heavy and P^-faee graph is Hamiltonian. Together with Theorems 3 and 
4, we have the following characterization: 

Theorem 7. Let S be a connected graph with S 7^ P3 and let G be a 2-connected 
claw-heavy graph. Then G being S-free implies G is Hamiltonian if and only if S = 
P i ,P 5 ,P 6 ,C 3 ,Z 1 ,Z 2 ,B,N orW. 

The necessity of this theorem follows from Theorem 1 immediately. 

It is known that the only 2-connected {-Ki,3, ^j-free non-Hamiltonian graphs have 
9 vertices (see [6]), hence for n > 10, every 2-connected {-^1,3, ^j-free graph is also 
Hamiltonian. This leads to the following 

Problem 2. Is every 2-connected {K\ 3, Z3}-heavy graph on n > 10 vertices Hamiltonian? 

Instead of Theorems 3 and 4, we prove the following two stronger results. 

Theorem 8. If G is a 2-connected {K\ 3, N\x s 2i D}-heavy graph, then G is Hamiltonian 
(see Fig. 4)- 

Theorem 9. If G is a 2-connected {-K"i,3, -Wi i 2j H\ t i}-heavy graph, then G is Hamiltonian 
(see Fig. 4)- 
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-^1,1,2 #1,1 

Fig. 4. Graphs iVi,i,2 and Hi t t. 



Note that Brousek [3] gave a complete characterization of triples of connected graphs 
Ki^,X, Y such that a graph G being 2-connected and {-f^i,3, X, y}-free implies G is 
Hamiltonian. Clearly, if Ki%,S, T is a triple such that every 2-connected {Ki^, S,T}- 
heavy graph is Hamiltonian, then, for some triple K\^,X,Y of [3], S and T are induced 
subgraphs of X and Y, respectively (of course, the triples of Theorems [8] and [9] have this 
property). We refer an interested reader to [3] for more details. 



2 Some preliminaries 

We first give some additional terminology and notation. 

Let G be a graph and X be a subset of V{G). The subgraph of G induced by the set 
X is denoted GLY]. We use G — X to denote the subgraph induced by V(G) \ X. 

Throughout this paper, k and t will always denote positive integers, and we use s and 
t to denote integers which may be nonpositive. For s < t, we use [x s ,xt] to denote the set 
{x s ,x s+ i, . . . , x t }. If [x s , xt] is a subset of the vertex set of a graph G, we use G[x s ,x t ], 
instead of G[[x s , x t ]], to denote the subgraph induced by [x s ,xt] in G. 

For a path P and x, y € V(P), P[x, y] denotes the subpath of P from x to y. Similarly, 
for a cycle C with a given orientation and x,y G V(C), ~C*{x,y] or C[y,x] denotes the 
(x, y)-path on C traversed in the same or opposite direction with respect to the given 
orientation of C. 

Let G be a graph and x\, X2, y±, 1/2 G V(G) with x\ ^ X2 and yi ^ y2- Then a subgraph 
Q of G such that Q has exactly 2 components, each of them being an ({xi,X2j-, {2/1,2/2})- 
path, is called an (xiX2,yiy2)-disjoint path pair, or briefly an [x\X2^y\y , i)-po.ir in G. 

If G is a graph on n > 2 vertices, x 6 1^(G), and a graph G' is obtained from G by 
adding a (new) vertex y and a pair of edges yx, yz, where z is an arbitrary vertex of G, 
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z ^ x, we say that G is a 1-extension of G at x to y. Similarly, if x%,X2 € V(G), x\ 7^ X2, 
then the graph G' obtained from G by adding two (new) vertices y±, 1/2 and the edges y\X\, 
y2X2 and yij/2 is called the 2-extension of G at (x±,X2) to (2/1,2/2)- 

Let G be a graph and let u,v,w £ V(G) be distinct vertices of G. We say that G 
is (u,v,w)- composed (or briefly composed) if G has a spanning subgraph L> (called the 
carrier of G) such that there is an ordering v-k, ■ ■ ■ , Vq, . . . , V£ (k,£ > 1) of V{D) (=V(G)) 
and a sequence of graphs D\, . . . , A (r > 1) such that 

(a) « = v = v , w = ve, 

(b) D\ is a triangle with V(D%) = {v-±, Vq, v%}, 

(c) V(Di) = [v-k^v^] for some ki, 1%, 1 < h% < A;, 1 < £j < and A+i satisfies one of 
the following: 

(i) A+i is a 1-extension of A at f-^ to V-^—i or at to 
(m) A+i is a 2-extension of A at (v-k^v^) to (f-^-i, 
i = l,...,r- 1, 

(d) A = D. 

The ordering . . . , vq, . . . ,vg will be called a canonical ordering and the sequence 
Di,...,D r a canonical sequence of -D (and also of G). Note that a composed graph 
G can have several carriers, canonical orderings and canonical sequences. Clearly, a 
composed graph G and any its carrier D are 2-connected, for any canonical ordering, 
P = v_k ■ ■ ■ vq ■ ■ ■ v £ is a Hamilton path in D (called a canonical path), and if A, . . . , D r 
is a canonical sequence, then any A is (u-fcj, ^o, ^J-composed, i = 1, . . . , r. 

Now we give a lemma on composed graphs which will be needed in our proofs. 

Lemma 1. Let G be a composed graph and let D and V-k, ■ ■ ■ , vq, . . . , vg be a carrier and 
a canonical ordering of G. Then 

(i) D has a Hamilton (vo,v_k)-path, 

(ii) for every v s 6 V(G) \ {v-k}, D has a spanning (voVi,v s V-k)-pair. 

Proof. Let A, • • • > A be a canonical sequence and Q the canonical path of D correspond- 
ing to the given ordering and, for every s & [— k,£] \ {0}, let s, 1 < s < r, be the smallest 
integer for which v s G V(Dg). Clearly, dp. (u s ) = 2. 

Now we prove (i) by induction on |V(JD)|. If |V(A^I = 3, the assertion is trivially 
true. Suppose now that |F(-D)I — 4 and the assertion is true for every graph with at most 
|V(.D)| — 1 vertices. By the definition of a carrier, we have the following two cases. 

Case 1. V(A-i) = [v~k+i,vi] and D is a 1-extension of A-i a t v-k+i to 
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By the induction hypothesis, D r —\ has a Hamilton (vq, t>_fc + i)-path P' . Then P = 
VQP'v^k+iv~k is a Hamilton (vq, u„/ c )-path in D. 

Case 2. y(Z) r _i) = [v-k, Uf— 1] and D is a 1-extension of Z? r - 1 at to i^, or V(Z? r _i) = 
[v-k+ii v i-i] an d -D is a 2-extension of T> r ~\ at to (v-ki v i)- 

In this case, vg has a neighbor v s other than vg-i, where s G [—k,£ — 2]. 

Case 2.1. s G [-&, -2]. 

In this case s+1 € [— fc+1, — 1]. Consider the graph D' = -t^rpj- Let V"(-D') = [v s +i,vt], 
where t > 0. By the induction hypothesis, there exists a Hamilton (vq, i^-path P' of £)'. 
Then the path P = P'Q[u^, ^]^u s Q[v s , is a Hamilton (uq, u„fc)-path of D. 

Case 2.2. s = -1. 

In this case, the path P = Q[vQ,vg]viV-iQ[v-i, w_fc] is a Hamilton (vq, u_fc)-path of D. 
Case 2.3. s G [0, Z — 2] . 

In this case s + 1 G — 1]. Consider the graph D' = fjrj- Let V(-D') = [ut> u s+l]i 
where t < and cfo'(v s +i) = 2. By the induction hypothesis, there exists a Hamilton 
(t>o, t>f)-path P' of D', and the edge v s v s+ i is in E(P') by the fact c£d'(^s+i) = 2. Thus 
the path P = P' — v s v s+ i U <5[u s +i, u;]^u s U Q[vt , V-k] is a Hamilton (i>o, i>_fc)-path of G 

So the proof of (z) is complete. 

Now we prove {it). We distinguish the following three cases. 

Case 1. s G [-it + 1,0]. 

In this case, s — 1 G [— fc, —1]. Consider the graph £)' = D-^~^. Let V(-D') = [v s _i,Ui], 
where t > and £Zd'(v s _i) = 2. By (z), there exists a Hamilton (uo,i>t)-path P' of D' 
and G E(P'). Thus R' = P' — v s ^iv s is a spanning (vQVt, v s v s -i)-paiv of D', and 

R = R' U Q[vt, vi] U Q[u s _i, is a spanning (vovp, f s w_fc)-pair of D. 

Case 2. s = 1. 

In this case, R = Q[vo,V-k] U is a spanning (uo^j i>ii>-fc)-pair of £). 

Case 3. s G [2,4 

In this case, s — 1 G [1,1 — 1]. Consider the graph Z?' = -C^pj- Let V(JD') = 
where i < 0. By (i), there exists a Hamilton (uo, W()-path P' of G'. Thus Pi = P'Q[vt, V-k] 
and P2 = Q[v s ,vi] form a spanning (vovg, v s v_fc)-pair of £). 

The proof is complete. □ 
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Let G be a graph on n vertices and k > 3 an integer. A sequence of vertices C = 
v\V2 ■ ■ ■ v^vi such that for all i € [1, k] either UjUj+i S E(G) or d(vi) + d(vi + \) > n (indices 
modulo k) is called an Ore-cycle or briefly, o-cycle of G. The deficit of an o-cycle C is 
the integer def(C) = \{i S [1, fe] : i>it>j+i ^ Thus, a cycle is an o-cycle of deficit 0. 

Similarly we define an o-path of G. 

Now, we prove the following lemma on o-cycles. 

Lemma 2. Let G be a graph and let C' be an o-cycle in G. Then there is a cycle C in G 
such that V(C') C V(C). 

Proof. Let C\ be an o-cycle in G such that V(C') C V(Ci) and def(Ci) is smallest possible, 
and suppose, to the contrary, that def(Ci) > 1. Without loss of generality suppose that 
C\ = v±V2 ■ ■ ■ VkVi, where v\Vk ^ E(G) and d{v\) + d{vk) > n. We use P to denote the 
o-path P = v±V2 ■ ■ ■ Vk- 

If v\ and Vk have a common neighbor x € V(G) \ V(P), then C2 = viPv^xvi is 
an o-cycle in G with V(C') C V(Cz) and def(C2) < def(Ci), a contradiction. Hence 
Ng~p(vi) n Nc-p(vk) = 0. Then we have dp{v\) + dp(vk) > |V(P)| since d(vi) + d(vk) > 
n. Thus, there exists i 6 [2, fc — 1] such that «j 6 Np(vi) and € Np(vk), and 
then again C2 = uiP[«i, Vi-i]vi-iVkP[vk, vi\viV\ is an o-cycle with V{C') C V(C2) and 
def(C2) < def(Ci), a contradiction. □ 

Note that Lemma [2] immediately implies that if P is an (x, y)-path or an o-path in 
G with |V(P)| larger than the length of a longest cycle in G, then xy ^ E(G) and 
d{x) + d(y) < n. 

In the following, we denote E{G) = {uv : uv € E{G) or d(u) + d(v) > n}. 

Let C be a cycle in G, x,x±,X2 € V(C) three distinct vertices, and set X = V(Q), 
where Q is the (xi,X2)-path on C containing x. We say that the pair of vertices (x±,X2) 
is x-good on C, if for some j € {1, 2} there is a vertex x' G X \ {xA such that 

(1) there is an (x, X3_j )-path P such that V(P) = X \ {xj}, 

(2) there is an (xx^-j, x'xj)-p&ir D such that V(D) = X, 

(3) d{ Xj )+d(x') > n. 

Lemma 3. Let G be a graph, and C be a cycle of G with a given orientation. Let 
x,y € V(C) and let R be an (x,y)-path in G which is internally disjoint with C. Lf there 
are vertices xi,X2,yi,V2 £ V(C) \ {x,y} such that 

(i) X2,x,x\,yx,y,y2 appear in this order along C (possibly x\ = y\ or X2 = y2), 



8 



(ii) (x\,X2) is x-good on C, 
(Hi) (y\,yi) is y-good on C, 
then there is a cycle C in G such that V(C) U V(R) C V(C). 

Proof. Assume the opposite. Let Pi and D\ be the path and disjoint path pair associated 
with x, and P2 and D% associated with y; and let Q\ = ~U\x\,y{\ and Q2 = C[x^,y2]- 

By the definition of an x-good pair, without loss of generality, we can assume that P± 
is an (x,xi)-path, D\ is an (xx\, x'x2)-pair, and d(x2) + d(x') > n. 

Case 1. P2 is a (y, yi)-path, D2 is a (yyi, y'y2)-pair, and d(y2) + d(y') > n. 

In this case the path P = Q2 U D2 U P U Pi U Q\ is an (x2, y'Y^sXh. which contains all 
the vertices in V(C) U V(R), and P' = Q 2 U D x U P U P 2 U Qi is an (a:', y 2 )-path which 
contains all the vertices in V(C) U V(R). Thus, by Lemma 2, d(x2) + d(y') < ^ and 
d(x') + ^(2/2) < n, a contradiction to d(x2) + d(x') > n and d(y2) + d(y') > re. 

Case 2. P2 is a (y, y2)-path, P2 is a y'yi)-pair, and d(yi) + ci(y') > n. 

Case 2.1. The (xx\, x'x2)-pair I?i is formed by an (x,X2)-path and an (x\, x')-path. 

In this case, the path P = Q2 U P2 U P U Pi U Q\ is an (x2, yi)-path which contains all 
the vertices in V(C) U V(R), and the path P' = D\ U Q\ U Q 2 U P U P 2 is an (V, y')-P ath 
which contains all the vertices in V(C) U V(P). By Lemma 2, d(x2) + ^(yi) < n and 
d(x') + d(y') < n, a contradiction. 

Case 2.2. The (xx\, x'a^-pair Z>i is formed by an (x,x')-path and an (xi, X2)-path. 

Case 2.2.1. The (yy2, y'yi)-pair D2 is formed by an (y,yi)-path and an (y2, y')-path. 

This case can be proved similarly as in Case 2.1. 

Case 2.2.2. The (yy2, y'yi)-pair P2 is formed by an (y, y')-path and an (yi, y2)-path. 

In this case, the path P = Q2UP2UPUP1UQ1 is an (x2, y')-path containing all vertices 
in V(C) U V(R), and the path P' = Q 2 U Pi U P U P 2 U Qi is an (x', yi)-path containing 
all vertices in V(C) U V(R). By Lemma 2, d(x2) + d(y') < n and d(x') + d(y±) < n, a 
contradiction. 

The proof is complete. □ 
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3 Proof of Theorem 8 



Let C be a longest cycle of G with a given orientation, set n = \V(G)\ and c = |V(C)|, 
and assume that G is not Hamiltonian, i.e. c < n. Then V(G)\V(C) ^ 0. Since 
G is 2-connected, there exists a (no,no)-path with length at least 2 which is internally 
disjoint from C, where no, no G V"(C). Let = ZqZ\Z2 ••• z r+l, where zq = uq and 
z r+ \ = vo, be such a path, and choose R as short as possible. Let r\ and T2 denote 
the number of interior vertices in (?[uo,t>o] and C[vo,uq], respectively (note that clearly 
T\ + r% + 2 = c). We denote the vertices of C by C = u§u\Ui ■ ■ ■ u ri VQU- T2 U- r2 +\ ■ ■ ■ n„iUo 
or C = vqV\V2 ■ ■ ■ v ri UQV- r2 V- r2+ i ■ ■ ■ v-iVq, where ui = v ri+ \-£ and U-k = V- r2 -\ + k (see 
Fig. 5). Let H be the component of G — C which contains the vertices in [z\, z r \. 




Fig. 5. CUR, the subgraph of G. 

Claim 1. Let x G V(H) and y G {u\, tt_i, ui, i>-i}. Then xy £ E{G). 

Proof. Without loss of generality, we assume y = u\. Let P' be an (x, zi)-path in H. Then 
P = P' z\Uq C [no, ui] is an (x, n)-path which contains all the vertices in V(C) U V(P'). By 
Lemma 2, we have xy £ E(G). □ 

Claim 2. Ul u_i G S(G), G 1?(G). 

Proof. If u\U-\ $l E(G), by Claim 1, the graph induced by {no, z\, U\, U-i} is a claw, where 
d(zi) + <i(n±i) < n. Since G is a claw-heavy graph, we have that d(u\) + <i(n_i) > n. 
The second assertion can be proved similarly. □ 

Claim 3. uxV-x £ 12(G), ^ £(G), n n±i £ E(G),n ± m £ E(G). 
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Proof. Since P = C[u\,Vq]RC\uq,V-\\ is a (u\, t>_i)-path which contains all the vertices 
in V(C) U V(R), we have uiV-i £ E(G) by Lemma 2. 

If Uoi>i € E(G), then Pc = C[ui, v i]viUqRC*[vo, n_i]u_ini is an o-cycle which contains 
all the vertices of V{C) U V(R). By Lemma 2, there exists a cycle which contains all the 
vertices in V{C) U V(R), a contradiction. 

The other assertions can be proved similarly. □ 

Claim 4. Either uiu_i G E(G) or t>ii>„i G 

Proof. Assume the opposite. By Claim 2 we have d(ui) + d{u_\) > n and d{vi) + d{v^i) > 
n. By Claim 3, we have d(u±) + d(v-\) < n and d(u-i) + d(v±) < n, a contradiction. □ 

Now, we distinguish two cases. 

Case 1. r > 2, or r = 1 and uqVo ^ E{G). 

By Claim 4, without loss of generality, we assume that u\U-\ G E{G). Thus G[u^\, u\] 
is (u_i, uo, tii)-composed. 

Claim 5. z 2 u £ E(G). 

Proof. By the choice of the path R, we have z 2 u$ ^ E(G). Now we prove that d(z 2 ) + 
d(uo) < n. 

Claim 5.1. Every neighbor of uq is in V(C)L)V(H); every neighbor of z 2 is in V(C)L)V(H). 

Proof. Assume the opposite. Let z' G V(H') be a neighbor of no where H' is a component 
of G - C other than Then we have z'zi £ E(G) and N G ^ c {z') H Ng-c(zi) = 0- 

By Claim 1, we have u\Z\ ^ E(G), and similarly uiz' ^ E(G). Thus the graph induced 
by {«0j u ii zi,z'} is a claw, where d{u\) + d(z±) < n and d(ui) + d(z') < n. Then we have 
d(zi) + d(z') > n. 

Since Ng~c{z\) n Ng~c(z') = 0, there exist two vertices x\,x 2 G V(C) such that 
x\x 2 G E{^) and Zixi,z'x2 G E(G). Thus P = zi^i C [xi, a^]^^' is a (zi, z')-path which 
contains all the vertices in V(C)U{zi, z'}. By Lemma 2, there exists a cycle which contains 
all the vertices in V{C) U {z±, z'}, a contradiction. 

If z 2 = vo, the second assertion can be proved similarly; and if z 2 ^ vq, the assertion 
is obvious. □ 

Let h = \V(H)\ and k = \Nh(uq)\. Then we have dn(z 2 ) + dniuo) < h + k. Since 
z\ G N H (u Q ), we have fc > 1. Let N H (u ) = {yi,y 2 , . . • where yi = z\. 
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Claim 5.2. y iVj € E{G) for all 1 < i < j < k. 

Proof. If DiUj $l E(G), then by Claim 1, the graph induced by {uq, u±, yi, yj} is a claw, 
where d{yi) + d{u\) < n and d(yj) + d{u\) < n. Thus we have d{yi) + d(yj) > n. □ 

Now, let Q be the o-path Q = z%y\yi ■■■ y^UQ- It is clear that R[z2,vq] and Q 
are internally disjoint, and Q contains at least k vertices in V{H). In the following, 
we use C to denote the cycle ~C[ui, U-i]u-iUi if z-i ^ vq, and to denote the o-cycle 
C[ui,vi]viv-i~d![v-i,u-i]u-iui if z 2 = v . 

By Claims 1 and 3, we have z<iv Tx £ E(G), where v ri = u±. Let vi be the last vertex 
in C[«i,tti] such that z^vt € E(G). If there are no neighbors of Z2 in C[vi,ui], then let 

V£ = Vq. 

Claim 5.3. For every vertex V(j € N[ VuVr ]{ z i) U {^o}> uove'+i £ E(G). 

Proof. By Claim 3, we have uo^i ^ E(G). 

If zivy € E(G) and uqV£> + i € E(G), then C" = C'[v#, vi> + i]v£'+iUoQz2Vi> is an o-cycle 
which contains all the vertices in V(C) U V(Q), a contradiction. □ 

Claim 5.4. r± — £ > k + 1, and for every vertex € [v£ + i,ve + k], uoVe> £ E(G). 

Proof. Assume the opposite. Let vy be the first vertex in [t^+i, v ri ] such that UqV^i € E(G), 
andf -£< k + 1. 

If = vo, then C" = C[uo,it-i]it-iitiC[iti,u^/]«£/itoQ-R[«2jWo] is an o-cycle which 
contains all the vertices in V(C)\[vi,ve'-i] U V(Q), and |V(C")| > c, a contradiction. 

Thus, we assume that V£ ^ vq, and Z2V£ € E(G). Then C" = C'[v£,vgi]v/>>UoQz2V£ is 
an o-cycle which contains all the vertices in V(C)\[vg+i,V£>-i] U V(Q), and |V(C")| > c, 
a contradiction. 

Thus we have £! — £ > k + 1. Note that uofn ^ E(G), we have ri — £ > fc + 1. □ 

Let di = liV^^j^) U {u }|, d 2 = |A r [. u _ r . 2i „_ 1 ](2 2 ) U {« }|, d'i = \N[ Vl)Vri ](u )\ and 
d' 2 = \N[ v _ r2iV _^(uo)\. Then dc(£2) < di + d 2 - 1 and d c (u ) < d[ + d' 2 + l. 

By Claims 5.3 and 5.4, we have d^ < r% — d\ — k+ 1, and similarly, d' 2 < r 2 — c?2 — k + 1. 
Thus dciz2) + dc(wo) < r i + r 2 — 2fc + 2 = c — 2fc. Note that dnfa) + dn(uo) < h + k. 
By Claim 5.1, we have d{z2) + d(uo) < c + h — k < n. □ 

Recall that G[u-i,Ui] is (tt_i, «0j ui)-composed. Now we prove the following claims. 

Claim 6. If G[u-k, ug\ is (u-k, uq, ^-composed with canonical ordering U-k, U-k+i, ... ,ui, 
then k < r2 — 2 and £ < r\ — 2. 
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Proof. Let D\, D2, ■ ■ ■ , D r be a canonical sequence of G[u_k,ug\ corresponding to the 
canonical ordering . . . ,U£. Suppose that k > r<i — 2. Consider the the graph 

D' = D j^pp where — r2 + 1 be the smallest integer such that u_ r2+ i € y(D _^^p 1 ). Let 
V(D') = [ii_ r2 _|_i, v,£i]. By Lemma 1, there exists a (uo, u^/)-path P such that V(P) = 
[u— r!l +\,U£i]. Then C = V-ivoRP~C[u/>>,vx]viV— \ is an o-cycle which contains all the 
vertices in V(C) U V(R), a contradiction. □ 

Claim 7. If G[u-k,U(] is (it-it, no, u^)-composed with canonical ordering ... ,U£, 

where A; < r 2 — 2 and Z < ri — 2, and any two nonadjacent vertices in u^+i] have 

degree sum less than n, then one of the following is true: 

(1) G[u—k-i,ue] is (u-k-i, uo, ui)-composed with canonical ordering U-k-i, U-k, ■ ■ ■ , U£, 

(2) G[u-k, ue+i] is (u-k, uo, n^ + i)-composed with canonical ordering u-k,U-k+i, • • • , ue+i, 

(3) G[u_k-i,U£ + i] is (tt_fe_i, uo, u^ + i)-composed with canonical ordering u-k-i, U-k, . . . , U£ + \. 

Proof. Assume the opposite, which implies that for every vertex u s 6 [u—k+i, ui], u^k-i u s ^ 
E(G), and for every vertex u s € [u-k,U£-i], we have U£ + \u s £ E(G) and u-k~\U£ + i £ 
E(G). 

Claim 7.1. Let z S {21,22} an d tt<j € [it_fc_i, ^+i]\{wo}- Then zu s ^ E(G). 

Proof. Without loss of generality, we assume that s > 0. If s = 1, the assertion is true by 
Claims 1 and 3. So we assume that s £ [2,^ + 1] and s-1 £ [1,1]. By the definition of a 
composed graph, there exists t G [—k, —1] such that G[ttt, u s -i] is (ut,uo, u s _i)-composed. 
By Lemma 1, there exists a (uq, it^-path P' such that V(P') = [ut,u s -i\. 

If z ^ vq, then P = R[z, uq\P' C [ut, u s ] is a (z, it s )-path which contains all the vertices 
in V{C) U {z}. By Lemma 2, we have zu s ^ E(G). 

If z = Vq and fo^s € E(G), then C" = PP' C C [i>i, ii s ]it s i;o is an o-cycle 

which contains all the vertices in V(C) U ^(P), a contradiction. □ 

Let G" = G[[u- k -i,Ui] U {21,22}] and G" = G[[u- k -i,ue+i] U {zi,z 2 }]- 
Claim 7.2. G", and then G' , is {iTi )3 , JVi.1,2 }-free. 

Proof. By Claims 5 and 7.1, and the condition that any two nonadjacent vertices in 
[u—k—i, U£ + i] have degree sum less than n, we have that any two nonadjacent vertices in 
G" have degree sum less than n. Since G (and then G") is {-K"i,3, iV^i^j-heavy, we have 
that G" is {A'i i3 ,iV Ui 2}-free. □ 

Claim 7.3. Ng'(uq)\{zi} is a clique. 
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Proof. If there are two vertices x,x' G Nq/(uq)\{zi} such that xx' ^ E(G'), then the 
graph induced by {no, z±, x, x'} is a claw, a contradiction. □ 

Now, we define Ni = {x G V(G') : dc'(x, U-k-i) = £}. Then we have JVo = 

iVi = and 7V 2 = iV G /(«-k)\{«-fc-i}- 

By the definition of a composed graph, we have | JV2 1 > 2. If there are two vertices 

x, x' G N2 such that xx' £ E(G'), then the graph induced by {ii_fc, it_fc_i, x, x'} is a claw, 

a contradiction. Thus, ./V2 is a clique. 

We assume «o G iVj, where j > 2. Then zi € iVj+i and 2:2 € Nj + 2- 

If |iVj| = 1 for some i G [2,j — 1], say, iVj = {x}, then x is a cut vertex of the graph 

G[v,-k, u{\. By the definition of a composed graph, G[u-k,ui] is 2-connected. This implies 

\Ni\ > 2 for every i G [2, j - 1]. 

Claim 7.4. For i G [1, j], iVi is a clique. 

Proof. We prove this claim by induction on i. For i = 1,2, the claim is true by the analysis 
above. So we assume that 3 < i < j, and we have that iVj_3, Ni-2, iVi_i, iVi+i and iVj_|_2 
is nonempty, and |iVj_i| > 2. 

First we choose a vertex x £ Ni which has a neighbor y G iVj+i such that it has a 
neighbor z G Ni + 2- We prove that for every a/ G Ni, xx' G E(G). We assume that 
xx' £ E(G). 

If x'y G E(G), then the graph induced by {y, x, x' , z} is a claw, a contradiction. Thus, 
we have x'y £ E(G). If x and x' have a common neighbor in iVj_i, denote it by u;, 
then let f be a neighbor of u; in N^2, and the graph induced by {w,v,x,x'} is a claw, a 
contradiction. Thus we have that x and x' have no common neighbors in Ni-±. 

Let w be a neighbor of x in iVj_i and w' be a neighbor of x' in A^_i. Then ra;', x'w ^ 
E(G). Let v be a neighbor of u> in 7Vj_ 2 and u be a neighbor of v in iVj_3. If io'd ^ E(G), 
then the graph induced by {u>, t> , w' , x} is a claw, a contradiction. Thus we have w'v G 
E(G), and then the graph induced by {u, u, w' , x', w, x, y} is an iVi^, a contradiction. 

Thus we have xx' G E(G) for every 1' £ JVj, 

Now, let x' and x" be two vertices in N{ other than x such that x'x" ^ E(G). We have 
xx',xx" G 

If x'y G E(G), then similarly to the case of x, we have x'x" G E(G), a contradiction. 
Thus we have x'y £ E(G). Similarly, x"y £ E(G). Then the graph induced by {x, x', x", y} 
is a claw, a contradiction. 

Thus, iVj is a clique. □ 
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If there exists some vertex y G Nj+i other than z\, then we have i/uq £ E{G) by Claim 
7.3. Let x be a neighbor of y in Nj, w be a neighbor of uq in iVj_i and u be a neighbor 
of u; in Nj—i- Then xu$ G E{G) by Claim 7.4 and iik G E(G) by Claim 7.3. Thus the 
graph induced by {w, u, cc, y, Uq, z±, is an iVi i 2, a contradiction. So we assume that all 
vertices in \u,_^,U(\ are in Ui=i ^t- 

If U£ G iVj, then let to be a neighbor of uq in and u be a neighbor of w in Nj—2- 

Then the graph induced by {w, v, Uq, Z\, u#, 1^+1} is an iVi 1 2, a contradiction. Thus we 
have that U£ £ Nj and then j > 3. 

Let ii£ G TVj, where i G [2, j — 1]. If has a neighbor in iVj+i, then let y be a neighbor of 
U£ in iVj+i, and w be a neighbor of in JVj_i. Then the graph induced by y, lif+i} 

is a claw, a contradiction. So we have that U£ has no neighbors in iVj_|_i. 

Let x G Ni be a vertex other than which has a neighbor y in iVj+i such that it has 
a neighbor z in Ni + 2- Let wbea neighbor of x in N_±, and u be a neighbor of w in iVj_2. 
If m^u> ^ E(G), then the graph induced by {x, to, u#, y} is a claw, a contradiction. So we 
have that U£iv G E(G). Then the graph induced by {w,v,U£,U£ + \, x,y, z} is an iVx 1 2, a 
contradiction. 

Thus the claim holds. □ 

Now we choose k, I such that 

(1) G[u-ki u i] is u o, ^-composed with canonical ordering u_k-, u -k+ii ■ ■ ■ i u t'i 

(2) any two nonadjacent vertices in [u-k,U£] have degree sum less than n; and 

(3) k + I is as big as possible. 

By Claim 7, we have that there exists a vertex u s G [tt_fc+i,tt^] such that d(ii-k~i) + 
d(u s ) > n, or there exists a vertex ti s G [u_k,U£-i] such that d(u s ) + d(u£ + i) > n, or 
d(u_k_i) + > n. Thus, we have 

Claim 8. (u- k -i,ue) or (u- k ,U£ + i) or (tt_fc_i, tt^+i) is u -good on C. 

Proof. If there exists a vertex u a G [u_ fc+i, tt^] such that d(u—k-{) + d(ii s ) > n, then, 
by Lemma 1, there exists a (ito, i^)-path P such that V(P) = tt^], and there ex- 
ists a (uqU£, n s ti_fc)-pair D' such that V(D') = and D = D' + u^kU-k-i is a 
(uoU£, n s u_fc_i)-pair such that V(-D) = [it_fc_i,tt.g]. Thus i^) is «o-good on C. 

If there exists a vertex u s G such that d(u s ) + > n, we can prove 

the result similarly. 

If d(u-k-i) + d(ug+i) > n, then by Lemma 1, there exists a (tto, tt^)-path P' such that 
V(P') = [u_ki u i] an d there exists a (uq, u_fe)-path P" such that V(P") = [u-ki u e\- Then 
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P = P'uiU£ + i is a (uq, ti^ + i)-path such that V(P) = [u-faiit+i], and D = P"u_kU-k-i U 
u^+i is a (« ^+i,^+i«-fc-i)-pair such that V(Z>) = [u„ fe „i,u m ]. Thus («_*._!, is 
no-good on C. □ 

Claim 9. There exist v-k> € V-i, u-k-i]) and u# € V(C[v\, such that 

is is vo-good on C. 

Proof. By Claim 6, we have fc < r2 — 2 and / < ri — 2. 

If uif-i ^ E(G), then by Claim 2, d{v\) + d{v-i) > n. Then P = vqV\ is a (i>o, i>i)-path 
and D = vqV-\ U v\ is a («ofi, f_ivi)-pair. Thus we have that (v-\,v\) is uo-good on C. 

Now we assume that v\V-\ € E(G), and then is (v _i, i>o, "yi)-composed. 

Let 72 = r2 — k and = n — I. 

Claim 9.1. If G[v^y, V£>] is (f-fc', Vq, t>£')-composed with canonical ordering V-k'i v -k'+i, ■ ■ ■ , 
V£i, then k' < r' 2 — 1 and £' < r'± — 1. 

Proof. Let D±, D2, ■ ■ ■ , D r be a canonical sequence of G[t>_fc/, t^/] corresponding to the 
canonical ordering v_y, V-w+i, . . . , vg>. Suppose that k' > r 2 — 1. Consider the the graph 
I?' = D~~p, where — r 2 is the smallest integer such that v~ r ' 2 £ ^O^iipO- Let V(D') = 
[v— r > ,Vi"]. By Lemma 1, there exists a (t>o, t^")-P a th P such that V(P) = [v— r >,U£"]. 
Then C" = P^ [n£,f£»]P'P is a cycle which contains all the vertices in V(C) U V(-R), a 
contradiction. □ 

Similarly to Claim 7, we have 

Claim 9.2. If G\u-y ,vy\ is {v-k>, vq, t^/)-composed with canonical ordering V-w, V-tf+i, 
. . . , Vj>r, where k' < r' 2 — l and t < r[ — 1, and any two nonadjacent vertices in [t>_^/_i, ^'+1] 
have degree sum less than n, then one of the following is true: 

(1) G[v-w-i,v#] is (v_f c /_i, vo, t^/)-composed with canonical ordering v-y-i, V-w, . . . , v#, 

(2) G[v_fc', ity+i] is {v-k>, vq, f£' + i)-composed with canonical ordering v^i, v^^'+i, ■ ■ ■ , 

(3) uj'+i] is «o, U£'+i)-composed with canonical ordering v-k'~i, v^k', ■ ■ ■ , 

Now we choose /c',£' such that 

(1) G[i> V£>] is (v-k', t>o, f£')-composed with canonical ordering v-k> ,V-k'+i, ■ ■ ■ , v^; 

(2) any two nonadjacent vertices in [?;_£/, v^/] have degree sum less than n; and 

(3) A;' + £' is as big as possible. 

Similarly to Claim 8, we have vy) or (v-k', up+i) or is fo-good 

on C. □ 
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From Claims 8 and 9, we get that there exists a cycle which contains all the vertices 
in V(C) U V(R) by Lemma 3, a contradiction. 

Case 2. r = 1 and uqVq G E(G). 

We have uqU-\ G E(G) and uqU- T2 ^ E(G), where U- r2 = V-\. Let U-k-i be the first 
vertex in C[u-i,V-i] such that UQU~k-i £ E(G). Then h < r2 — 1. 

Similarly, let i^+i be the first vertex in C[ui,«i] such that uo^+i ^ E(G). Then 
£ < ri - 1. 

Claim 10. Let x G [it_fe_i,«_i] and y G Then 

(i) xzi.xvq £ E(G), 

(ii) yzi,yu £ E(G), 
(in) xy<£E(G). 

Proof, (i) If x = it_i, then by Claims 1 and 3, we have U-iZ\,U-iVq ^ E(G). So we 
assume that x = u_y where —k' G [—k — 1, —2] and Uoit-fc'+i G E(G). 

If n_fc/zi G E(G), then C" = uoti-fc'+i C[u_fe'+i, C[«i, u_fc']n_fc'Zino is an 

o-cycle which contains all the vertices in V(C) U V(R), a contradiction. 

If tt-fc/uo G then C" = u «_jt' + i u_i]tt_iin C[m, 

n_fe/woi? is an o-cycle which contains all the vertices in V(C) U V(R), a contradiction. 

The assertion (ii) can be proved similarly. 

(Hi) If x = U-i and y = v±, then by Claim 3, we have xy ^ E(G). 

If U-k>vi G E(G), where G [2, fc+ 1], then C = uqR~^[vq, U-k']u-k'V\ C [v]_,u\\u\U-\ 
C[u-i,u_k'+i] u -k'+i u o is an o-cycle which contains all the vertices in V(C) U V(R), a 
contradiction. 

If U-iV£i G E(G), where £' G [2, £+ 1], then we can prove the result similarly. 

lfu-k>Vf!t G E(G), where k! G [2,/c+l] and / G [2,^+1], then C' = UQU-k'-\-iC[ii-k'+it U-\\ 
U-iUiCluijVi^Vi'U^k'Clu^k'jV-tlv-iViClvijVi'^xlvif^xVoR is an o-cycle which contains 
all the vertices in V(C) U V(R), a contradiction. □ 

Claim 11. Either u-k-iUQ £ E(G), or V£ + ±vq £ E(G). 

Proof. Assume the opposite. Since u_k-iUo, V£+±vo £ E(G), we have d(u-k-i)+d(uo) > n 
and d(vi + i) + d(vo) > n. By Claim 10, we have d(uo) + d(v£ + ±) < n and d(vo) + d(u-j--i) < 
n, a contradiction. □ 
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Without loss of generality, we assume that u_k-iUo E{G). If V£ + \Vq £ E(G), then 
the subgraph induced by {zi,Vo,V£,V£+i,UQ,U-k,U-k-i} is a D which is not heavy, a 
contradiction. Since vovg+i £ E(G), we have d(vo) + d(ve+i) > n. 

Claim 12. Either (v-i,vi) or {v-i,vi + \) is vo-good on C. 

Proof. If v\V-\ $l E(G), then, by Claim 2, d(v±) + d(v-\) > n. Then P = VqV% is a 
(vq, vi)-path and D = voV-i U i>i is a {vqv i, f _it>i)-pair. Thus, is fo-good on C. 

If v\V-\ G E(G), then P = vqi^C^, is a (vq, u_i)-path and D = «o U 

u_iViC[fi,f^ + i] is a («oi>-i, Vo^ + i)-pair. Since d(vo) + <i(i^ +1 ) > n, we have that 
(v-i,V£ + \) is vo-good on C. □ 

Claim 13. If G\u_k' i u i'\ is ( u -k', u o> ^')~ com P ose d with canonical ordering tt_fc', tt-fc'+i, . . . , 
u^/ , then fe' < r2 — 2 and < ri — ^ — 1 . 

Proof. The claim can be proved similarly as Claims 6 and 9.1. □ 

Now we prove the following claim. 

Claim 14. If G[u—i~i, up) is (u-k',uo, it£')-composed with canonical ordering u-k>, . . . , u#, 

where k' < r2 — 2 and £' < r\ — £ — 1, and any two nonadjacent vertices in m^+i] 
have degree sum less than n, then one of the following is true: 

(1) G[u^k'-i,U£'] is (u-k'-i, no, U£/)-composed with canonical ordering u-k'-i, U-k', . . . ,U£>, 

(2) G[it_fc', U£/ + i] is (tt-fe', Uo, u^/ + i)-composed with canonical ordering U-fc'+i, . . . , U£> + i, 

(3) G[it_fc'_i, it^'+i] is no, u^/ +1 )-composed with canonical ordering u_k'-i, U-k', • • • ■> u i'+l- 

Proof. Assume the opposite, which implies that for every vertex u s € [u—k'+i, U£i], u_k'-i u s £ 
E(G), and for every vertex u s € it^_i], we have n^ + in s ^ -E(G) and U-fe'-iit^+i ^ 

E(G). 

Claim 14.1. Let v S {^Oj^i} an d u s € [u_k' -l, U£> + i]\{uq} . Then -um s ^ E{G). 

Proof. Similarly to Claim 7.1, we have vqu s £ E{G). 
Now we assume that uitt s G E(G). 

Note that if v t;2 ^ -E'(G'), then d(« ) + d(t>2) > i- We have v v 2 € E(G). 

If s € [— fe' — 1, —2], then s + 1 £ [— £;', —1]. By the definition of a composed graph, 
there exists t € [!,£'] such that G[u s +i,ut] is (it s +i, ^o, «t)-composed. By Lemma 1, there 
exists a («o,«t)-path P such that V(P) = [it g +i,itt]. Then C" = PC[ut, vi]v\u s C [u s , vo]R 
is an o-cycle which contains all the vertices in V(C) U V(R), a contradiction. 

If s = —1, by Claim 3, we have v\U-i ^ E(G). 
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If s = 1, then G = C\uq,V-\]v-\V\U\C[ui,V2\V2VqR is an o-cycle which contains all 
the vertices in V{C) U V(R), a contradiction. 

If s 6 [2, + 1] , then s — 1 € [1, £'} . By the definition of a composed graph, there exists 
t € [— k', — 1] such that G[ut,u s -i] is («t, uo, u s _i)-composed. By Lemma 1, there exists a 
(uo, U()-path P such that = [ut,u s ~i]. Then C" = PC[u t ,V-i]v^iViu s C[u s ,V2]v2VoR 

is an o-cycle which contains all the vertices in V{C) U V(R), a contradiction. □ 

Let G = G[[u- k '-i,U£>] U {v ,vi}\ and G" = G[[u- k '-i,u e+1 ] U {u ,vi}]. Then, 
similarly to Claim 7.2, we have 

Claim 14.2. G", and then G, is {Ki, 3 , AT 1;1)2 }-free. 

Thus we can prove the claim similarly to Claim 7. □ 

Now we choose k',£' such that 

(1) G[u-ki,U£i] is (u-k', uq, ii£')-composed; 

(2) any two nonadjacent vertices in [u-k',v,£i] have degree sum less than n; and 

(3) k' + £' is as big as possible. 
Similarly to Claim 8, we have 

Claim 15. (u-k'-i,U£') or U£> + \) or {u—k'-\, U£'+i) is tio-good on C. 

By Claim 13, we have k' < r 2 - 2 and £' < n - € - 2. 

From Claims 12 and 15, we can get that there exists a cycle which contains all vertices 
in V(C) U V(R) by Lemma 3, a contradiction. 
The proof is complete. 



4 Proof of Theorem 9 

Let C be a longest cycle of G with a given orientation. We use n to denote the order of G, 
and c the length of C. Assume that G is not Hamiltonian. Then V(G)\V(C) ^ 0. Since G 
is 2-connected, there exists a (uo, vo)-path of length at least 2 which is internally disjoint 
with C, where uo, vq € V(C). Let R = ZqZ\Z% ■ ■ ■ z r +\ be such a path which is as short as 
possible, where zq = uq and z r+ \ = vq. We assume that the length of C^Oi^o] is n + 1 
and the length of C^[ucb n o] is r 2 + 1, where r\ + r 2 + 2 = c. We denote the vertices of C 

by ~C = UqU\U2 ■ ■ ■ U ri VQU- r2 U- r2+ i ■ ■ ■ U-illQ OI C = V$V\V2 ■ ■ ■ V ri UQV- r2 V_ r2+ i ■ ■ ■ V-\Vq, 

where ug = v ri+ ±-£ and m_^. = u_. r2 _i + fc. Let H be the component of G — C which contains 
the vertices in [zi,z r ]. 

As in Section 3, we have the following claims. 
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Claim 1. Let x G V(H) and y G V-±, ui, Then xn ^ E{G). 
Claim 2. uxn_i G t>in_i G £(G). 

Claim 3. g £(G), u_mi £ £(G), n ^±i £ £(G),n ± ino £ £(G). 

Claim 4. Either u\u^\ or is in E(G). 

By Claim 4, without loss of generality, we assume that u\U-\ G E(G). Then we have 
that G[u-i,u\] is (it_i, uq, ni)-composed. 

Claim 5. If G[n_/%,n£] is (^-fcj u o, u £ )-composed, then k < r 2 — 2 and I < r\ — 2. 

The proof of Claim 5 is similar to that of Claim 6 in Section 3. 
Now we prove the following claim. 

Claim 6. If G[n_£, U(\ is (n_fc, no, ^-composed with canonical ordering n_fc, n_fc + i, . . . , n^, 
where k < r 2 — 2 and I < r± — 2, and any two nonadjacent vertices in [it-k-i, n^+i] have 
degree sum less than n, then one of the following is true: 

(1) G[u_k-iiUi] is no, n^)-composed with canonical ordering n_fc_i, n_£, . . . , ug, 

(2) G[u-k, U£ + \] is (n_fc, no, n£ + i)-composed with canonical ordering U-k,U-k+i, • • • , n^+i, 

(3) G[n_fc_i, U£ + i] is (n_fc„i, no, n^ + i)-composed with canonical ordering u-k-i, n_fc, . . . , n^+i. 

Proof. Assume the opposite, which implies that for every vertex u s G [n_fc + i, ui], n_fc_in s ^ 
E(G), and for every vertex n s G [n_fc,ug_i], n^ +1 n s ^ -E'(G) and u_f t _iui + i ^ E(G). 

Claim 6.1. For every vertex z G {zi, ^2} and u s G [n_fc_i, n£+i]\{no} we have zu s ^ E(G); 
and if Z2no ^ E(G), then also ^2^0 ^ E(G). 

This claim can be proved similarly to Claims 5 and 7.1 in Section 3. 
Let G' = G[[u-k-i, ug] U {zi, z 2 }] and G" = G[[n_ fc _i, u e+ i] U {zi, z 2 }]. 
Similarly to Claims 7.2 and 7.3 in Section 3, we have 

Claim 6.2. G" , and then G' , is {#1,3, ^1,1,2, #i,i}-free. 

Claim 6.3. Ng'(uq)\{zi, z 2 } is a clique. 

Now, we define Ni = {x G V(G') : dc'(x, u_k-i) — Then we have JVq = {n_fc_i}, 
iVi = {n_ fc } and N 2 = iV G /(n_ i: )\{n_ fe _i}. 

By the definition of a composed graph, we have that \N 2 \ > 2. If there are two vertices 
x,x' G A^2 such that xx' ^ E(G'), then the graph induced by {n_fc, n_fc_i, x, x'} is a claw. 
Thus A^2 is a clique. 
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We assume no G Nj, where j > 2. Then Z\ G Nj+i; and Z2 € Nj+\ if 22^0 G E(G) and 
z 2 G iVj+2 if z 2 u i E{G). 

If |iVj| = 1 for some i G [2, j — 1], say, iVj = {x}, then x is a cut vertex of the graph 
G[u_k, u i\- By the definition of a composed graph, G[u_i t , ug\ is 2-connected. This implies 
|iVj| > 2 for every i G [2, j - 1]. 

Claim 6.4. For i G [1, j], iVj is a clique. 

Proof. If i < j, or i = j and 2:2^0 ^ E(G), then we can prove the assertion similarly to 
Claim 7.4 in Section 3. Thus we assume that i = j and 22^0 G E{G). 

If j = 2, the assertion is true by the analysis above. So we assume that j > 3, and we 
have that Nj—3, iV,-_2, Nj-±, iVj+i is nonempty and |iVj_i| > 2. 

First we prove that for every x G 2V,-\{ito}, uqx G E(G). We assume that tiox ^ E(G). 

By Claim 6.1 we have xzi ^ E(G). If iio and x have a common neighbor in Nj—i, de- 
noted then let v be a neighbor of w in Nj-2'1 but then the graph induced by {w, v, uq, x} 
is a claw, a contradiction. Thus we have that uq and x have no common neighbors in Nj—i. 

Let wbea neighbor of uq in iVj_i and w' be a neighbor of x in Nj—i. Then Uqw', xw ^ 
E(G). Let f be a neighbor of u; in Nj_2 and u be a neighbor of v in Nj-3. If w/v ^ E(G), 
then the graph induced by {w;, v, w' , uo} is a claw, a contradiction. Thus we have w'v G 
E(G), and then the graph induced by {v, u, w',x, w, Uo,z±} is an N^ig, a contradiction. 

Thus we have uqx G E(G) for every x G Nj. Then by Claim 6.3, we have that Nj is a 
clique. □ 

If there exists some vertex y G Nj + i other than z\ and Z2, then we have y«o ^ E(G) 
by Claim 6.3. Let x be a neighbor of y in Nj, w be a neighbor of uq in Nj-i and f be 
a neighbor of u> in Nj—2- Then xtio G E{G) by Claim 6.4 and xw G E(G) by Claim 6.3. 
Thus the graph induced by {w, v, x, y, uo, z±, Z2} is an iVi^ if £2^0 ^ E(G), and is an ii^i 
if ^2^0 G E(G), a contradiction. So we assume that all vertices in up] are in (Jf=i ^i- 

If G iVj, then let w be a neighbor of uq in iVj_i and v be a neighbor of w in Nj_2- 
Then the graph induced by {to, t>, iio, zi, is an N^ig if Z2UQ ^ E(G), and is an 

fli 1 if 22^0 G E(G), a contradiction. Thus we have that U£ ^ iVj and then j > 3. 

Let U£ £ Ni, where i G [2, j — 1] . If ug has a neighbor in iVj + i , then let y be a neighbor of 
it^ in Ni+i, and w be a neighbor of ui in iVi_i. Then the graph induced by {ui, w, y, U£ + ±} 
is a claw, a contradiction. Thus we have that ue has no neighbors in A^+i. 

Let x G Ni be a vertex other than which has a neighbor y in iVj+i such that it has 
a neighbor z in N + 2- Let wbea neighbor of x in Ni—\, and u be a neighbor of w; in N-2- 
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If uiw E(G), then the graph induced by {x,w,U£,y} is a claw, a contradiction. Thus 
we have that that u^w € E(G). Then the graph induced by {w,v,U£,ui+i,x,y,z} is an 
^i.i,2) a contradiction. 

Thus the claim holds. □ 

Now we choose k, £ such that 

(1) G[u_fc, U(\ is (u-k, uq, tig )-composed with canonical ordering u_fe, u_k+i-> . . . ,uf, 

(2) any two nonadjacent vertices in [tt_fc,it£] have degree sum less than n; and 

(3) k + 1 is as big as possible. 

Similarly to Claims 8 and 9 in Section 3, we have 

Claim 7. (u- k -l,ue) or {u-k,U£+i) or (u- k -i,u i+1 ) is n -good on C. 
Claim 8. There exist v_k' £ 

[«_!,«_ fc-i]) and U£/ G V(C [fi, it^+i]) such that 

is ^o-good on C. 

From Claims 7 and 8, we can get that there exists a cycle which contains all the vertices 
in V(C) U V{R) by Lemma 3, a contradiction. 
The proof is complete. 
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